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Abstract 

The derivation of the self-dual relations for the two- form gauge field in the Nambu-bracket 
description of M5-brane in a constant C-field background initiated in Ref.jT) is completed 
by including contributions from all the fields in the M5-brane action. The result is used to 
examine Seiberg-Witten map of the BPS conditions for the string solitons, up to the first 
order in the expansion by the parameter g which characterizes the strength of the interactions 
through the Nambu-bracket. 



1 Introduction 



M-theory has been providing us important insights into the non-perturbative aspects of string 
theory. However, its microscopic definition is still lacking. M2-branes and M5-branes are fun- 
damental building blocks of M-theory. Considering the current status, any new information on 
their properties could be important for finding more fundamental formulation of M-theory. 

Recent few years have seen a rapid progress in the description of M-theory branes: A model 
for multiple M-theory membranes with a symmetry based on Lie 3-algebra was proposed in 
Refs.[21 [3l 0]. Starting from the BLG model, an action for M5-brane was constructed in Ho- 
Matsuo [5] and Ho-Imamura-Matsuo-Shiba [6] by taking the Lie 3-algebra which is defined 
through the Nambu-bracket [7]Q This is in parallel with the construction of a Dp-brane in a 
constant S-field background from infinitely many D(p — 2)-branes [5lllU ] [TT l ll2|. The low energy 
effective action on the Dp-brane is given by Yang-Mills theory on non-commutative space. In 
fact, soon after the discovery of the non-commutative description of the D-brane world volume 
theory, the uplift to M-theory, namely M5-brane in a constant C-field background, was also 
investigated by several groupso What was missing at the time was the appropriate uplift of the 
non- commutative description to that for the worldvolume theory of M5-brane, which now we 
have a candidate. 

Interestingly, in the case of a D-brane in a constant -B-field background, there is also an 
5-matrix equivalent description on a space with ordinary commutative coordinates. The map 
between the non-commutative description and the ordinary description is called Seiberg-Witten 
map [2D]! With this historical background in mind, Ho et al. conjectured that the Nambu- 
bracket description of M5-brane is related to the previously found ordinary description of M5- 
brane [22l [23l [Ml E3 [261 (HI EH [29] in a constant C-field background via a straightforward 
generalization of the Seiberg-Witten map. The first non-trivial check of this conjecture was 
made in Ref.[30j for the BPS string-like soliton configurations on the M5-brane [311 [32l [33], 
which describe M2-branes ending on the M5-brane. 

A peculiar feature of the M5-brane action of Refs.[5l [6] was that some components of the 
two- form gauge field were absent. In Ref.pQ, it was demonstrated how the missing components 
of the two-form gauge field as well as self-dual relations for the field strength of the two-form 
gauge field can be obtained from this M5-brane action. The self-dual relations for the two-form 
gauge field are characteristic feature of M5-brane, and how to describe the self-dual two-form 
gauge field [3H [351 ESI EH [38] was a central issue in the previous constructions of the M5-brane 
action [24] [25 , 26J. It will be also important to clarify how the self-dual relations are maintained 
in the Nambu-bracket description of M5-brane. 

In this paper, the derivation of the self-dual relations initiated in Ref.[lJ is completed by 
including contributions from all the fields in the Nambu-bracket description of M5-brane. The 

1 Also see Ref.[8] for a similar construction of M5-brane action in a different background. 

2 A partial list includes [131 1141 [151 1161 [T71 118] . Also see Ref. [19] for a study after the recent developments of 
M-theory brane models. 

3 A similar map has appeared in the study of lowest Landau level fermions [21] . 



1 



necessity of the inclusion of the scalar fields to the self-dual relations can be understood consid- 
ering the fact that the scalar fields are related to the embedding coordinate fields in the ordinary 
description of M5-brane via the Seiberg-Witten map: In the ordinary description of M5-brane, 
the self-dual relations involve the embedding coordinate fields through the induced metric on 
the M5-brane. The obtained self-dual relations in the Nambu-bracket description of M5-brane 
are then used to examine the conjectured equivalence between the Nambu-bracket description 
and the ordinary description of M5-brane via the Seiberg-Witten map, in the case of the BPS 
conditions for the string solitons. Since the string solitons involve non-trivial configurations of 
a scalar field, the inclusion of the contribution of the scalar fields in the self-dual relations is 
essential. 

2 The Nambu-bracket description of M5-brane in a constant 
C-field background 

In this section I review the Nambu-bracket description of M5-brane in a constant C-field back- 
ground constructed in Ref.[6j and fix my notation. (Also see Ref.[39j for a concise review). 

The action given in Ref. [B] describes an M5-brane in the eleven-dimensional Minkowski space 
whose worldvolume extends in one time and five spacial directions. The direction along the 
worldvolume are parametrized by coordinates x a (a = 0,1,2) and y a (a = 3,4,5). The metric 
on the worldvolume is specified by the components rj a t, = diag(— ++), 6^, and other components 
are zero. There is a constant C-field background, with only C012 and C345 components are non- 
zero. Although both C012 and C345 components are turned on, the treatments of 012 directions 
and 345 directions are quite asymmetric, which might be one of the reasons why this action was 
not discovered until recently. The field content of the Nambu-bracket description of M5-brane 
is as follows: The scalars X 1 (I = 6, • • • , 10) describe embedding coordinates transverse to the 
M5-brane worldvolume. The six-dimensional chiral fermions can be conveniently parametrized 
by a single eleven-dimensional Major ana spinor ^ satisfying 



The T-matrices are those for the eleven-dimensional space-time. The salient feature of the M5- 
brane worldvolume theory is the self-duality of the two-form gauge field A, which is the focus of 
this paper. The components of the self-dual two-form gauge field A should be given by A a b, A ^ 
A.;, but the components A a b do not appear in the action. They will appear from the equations 
of motion, as will be described in the next section. 
The M5-brane action is given as follows: 



(2.1) 



where V is given by 
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where 



S B 



d 3 xd 3 y 



-V a X I V a X I - -V d X I V h X I 
2 2 



5f 



^e a6c S a d 9 6 A cA + 5 det5 a " 



y d 3 xd 3 y 



+-|-*r (i/ {x a , x J , - -^*r /J r 345 {x i , x J , 



{*,*,*} is the Nambu-bracket on 



d „ d d 



{f, g ,h} = e abc 7 -f—g—h, 
dy a dy b dy c 

with e 345 = 1. The covariant derivatives in the action are given as 



where 



and 



X d 



(d a -gB a h da)<p, (ip = X I ,V) 1 

„2 



y_ 
g 



+ A\ A" = -e" b6 A u , 



B, 



a Abe 



< ~~d b A ac . 



(2.4) 
(2.5) 



(2.6) 



(2.7) 

(2.8) 
(2.9) 

(2.10) 

(2.11) 



It follows that dtB a c = 0. When one derives the M5-brane action from the BLG model, the 
components of the two- form gauge field A , arise from the gauge field in the BLG model [UJ. 
The gauge transformation laws are given as 



5 A (p 



gK%<p, (<p = X I ,y), 

dak b - d b ka + 9K c d t A db , 

d a A b - d b A a + gK c d c A ab + g(d b K c )A ac , 



(2.12) 
(2.13) 
(2.14) 



where 



h Abe 



e d;Ar . 



(2.15) 
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It follows that dcK c = 0. Thus, the gauge transformation by the parameter k generates volume- 
preserving diffeomorphisms, and B a a is the gauge field for the volume-preserving diffeomor- 
phisms: 

S A y & = 9 k\ (2.16) 

The transformation law of B a a under the volume-preserving diffeomorphisms follows from eq. (|2.14p : 

S A B a & = 8 a K d + 9 K b d b B a d - gB a h d h K k . (2.17) 

From eq. (|2. 17|) it follows that the covariant derivatives (|2.8p and (|2.9p transform as scalars under 
the volume-preserving diffeomorphisms (|2.16p [H Q]. This allows one to construct gauge field 
strengths which transform as scalars under the volume-preserving diffeomorphisms. 

It is worth mentioning a subtle point here, which was nicely explained in Ref.pQ: Although 
the fields X a carry index a, they transform as scalars under the volume-preserving diffeomor- 
phisms (j2. 16|) . Indeed, in the derivation of the M5-brane action from the BLG model in Ref.[6], 
initially the target space indices of the scalar fields X in the BLG model (with the Nambu- 
bracket as the Lie 3-algebra) have nothing to do with the indices of the coordinates y a on the 
Nambu-Poisson manifold (M 3 in current case). What relates these different types of indices is 
the background values of the scalar fields X: 

X&, = —, d = 3,4,5. (2.18) 
y 9 

Since the identification of the indices in eq. (|2. 18j ) was made in a particular choice of coordinates, 
it would appear different if one makes a volume-preserving reparametrization of the coordinates. 
However, one can keep the identification ()2. 18j) intact instead, and absorb the induced change 
into the transformation of the "fluctuation" part A a of the field X a (|2.10p . This was how the 
gauge transformation law ()2. 13j) arose from the scalar fields X a 

The field strengths for the two-form gauge field which are made of the components A ^ and 

4 It may be useful to make a comment on a related but different topic for clarification. One may try to 
compare the Nambu-bracket action of M5-brane with the DBI-type action of M5-brane which has the worldvolume 
reparametrization invariance, as discussed in the Discussions section (note that the BLG model with the Nambu- 
bracket only has the invariance under the volume-preserving diffeomorphisms in the dotted directions). In this 
case, y a may be interpreted as (a part of) the worldvolume coordinates of the M5-brane. From the results in 
D-branes in a constant _B-field background [401 1411 [42, 43, 44], it is expected that by choosing the so-called 
static gauge X a = y a /g for the worldvolume reparametrization of the DBI-type M5-brane action, one obtains the 
"commutative" description of M5-brane. In this description, the fluctuation of the Nambu-Poisson structure is 
parametrized by the ordinary gauge field in the DBI-type action. On the other hand, one can choose the gauge 
where the Nambu-Poisson structure is fixed. The fluctuation part A a of the scalar field cannot be eliminated in 
this gauge: X a = y a / g + A a . The volume-preserving part of the worldvolume reparametrization remains as a 
residual symmetry, and one obtains the Nambu-bracket description of M5-brane. Please see the above mentioned 
papers for more detail in the case of D-branes in a constant B-field background. In the case of M5-brane, the 
detail has not been worked out at this moment. 
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are given by 



Kic = ^PaX d = F abc -gB a %A b „ (2.19) 
= Fahc + ^ ((dfAt)8,A* - U> f A'u hl Af) + g\ ih AA\A\ A% (2.20) 



abc ^ tf c dbc \\"f~ J"9™ \"f™ J"9™ J ^ V c dbcl 

where F 1 • ■ and F-,. are components of the linear part of the field strength: 

Kbc = d a A b .-d b A at + d t A ab , (2.21) 
F abc = daA bd + d b A d , + d d A. b . (2.22) 

As mentioned above, the field stengths (|2.19j) and (j2.20j) transform as scalars under the volume- 
preserving diffeomorphisms (|2.16p . 

It is convenient to define a matrix M a b following Ref.pQ: 

M a b = gdaX h . (2.23) 

The matrix M b transforms as a vector with respect to the lower index d: 

6 A M & b = gK%Mj> + g(daK 6 )M t h . (2.24) 

Because of this property the matrix M a b and its inverse can be used as a "bridge" which converts 
scalar quantities to vector quantities, and vice versa. In particular, the following identity holds: 

V a ip = det MMr lb d b ip. (2.25) 

The equations of motion of X and Vl/ following from the action (12. 3D are 

= V a V a X I + V a V h X I 

+g 4 {X d ,X J , {X\ X J , X 1 }} + ^{X J ,X K , {X J ,X K , X 1 }} 

+^{Or d/ , X\ + ^{^^345, X J , (2.26) 

= T a V a y + T«V^ + g 2 T hI {X\X I ,V}-^T IJ Tz A5 {X I ,X J ^}. (2.27) 

The equations of motion of gauge fields A b and A hb and the Bianchi identity can be written as 

V a U abt + V a U hbt = gj bt , (2.28) 

V a U abt + V h H hbt = gJ bd , (2.29) 

V a H abc + VaU hbc = 0, (2.30) 

where U hbt = -H bht and 

jab = jab + jab^ jab = jab + jab ^ ^3^ 



rob 
J B 


/ i ■ \ (1 

= g [{X 1 ,^, X b } - (do &)) - 9 -e abc {X^X J 


>{iU J ,^}}, 


(2.32) 


jab 
J F 


= | ({*P\ X\ &)) + ^ e ^{#r d/ , 




(2.33) 


jab 
J B 






(2.34) 


jab 


= l -l{^T a ^,X b }. 




(2.35) 



The Hodge dual on the six-dimensional M5-brane worldvolume is defined through the totally 
anti-symmetric tensor e^ up \ a s (//, u = 0, 1, ■ ■ ■ , 5): 

e abcabc = ~ e abcabc = e abcbca = e abc^ abi ! (2.36) 

with eoi2 = — e 012 = — 1. A three- form T~L is said to be (linearly) self-dual when it satisfies 

Hfivp — H^ivp i (2.37) 

where 

Tifiup = Q£pup\<js7~{- XaS ■ (2.38) 

3 Non-linearly extended self-dual relations from the Nambu- 
bracket description of M5-brane 

In Ref.[T], it was shown how the missing components of the two- form gauge field as well as (the 
non-linear extension of) the self-dual relations appear from the Nambu-bracket description of 
M5-brane action. Their analysis was restricted to the two-form gauge field part of the action. 
In the following, I will extend their results by including contributions from all the fields in the 
M5-brane action. The readers are recommended to go through the relevant part of Ref.pp. 

Below I explain calculations involving only bosonic fields in some detail. Calculations in- 
volving fermions are bit lengthy but similar, so I will just quote the final result in the appendix 

Following Ref.[.lJ, I start from multiplying MT lrf to eq. (|2.29p . where the matrix M b was 
defined in ea. ([233]) : 

Mr ld V a n abd + Mr ld V a H dbd = gMr ld J^. (3.1) 

Here, as mentioned above, I consider the case involving only bosonic fields, so only in J bc 
(|2.3ip is taken into account. In Ref.pQ, it was shown that the left hand side of eq. (|3.ip can be 
written as a total derivative: 

Mr ld V a H abd + Mr ld V a H dbd 
= l -e hbd d a {Mje } . k n b ^) - e bac e &b % (d a A cb + Z^bJ b£) . (3.2) 
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On the other hand, the right hand side of eq, (|3.ip can also be written as a total derivative: 

gM7 ld J b B & = g 2 M^ l K & fv{deX I ){d j D b X I )dgX t 

= ge^' i {deX I )djD b X I = gd f {e ifd {d h X I )D h X I ) 

= -e bac e dbd d a ^e acd (d b X I )D d X I ) . (3.3) 

Notice the convention for the anti-symmetric tensor e abc (see appendix IA,1|) . Eq. (|3.2p and 
eq. ()3.3p are total derivatives. By the Poincare lemma one obtains 

n abc = ^ b ce e a b c M -i d ^ + ge . f . Bb t B J> - ge bcd {d ^X 1 )V d 'X 1 ) , (3.4) 

where 

Fabc = d a A bc - d b A ac + d c A ab , (3.5) 

and A ab (x, y) was introduced when integrating the total derivative. Eq, (|3.4p reduces to the linear 
self-dual relation (I2.37P in the g — > limit. One may define a field strength as a scalar quantity 
with respect to the area-preserving diffeomorphisms made only from the two-form gauge fields 
which reduces to the linear field strength in the g — > limit j§ 

n abc = M c - ld (F aM + ge^B/Bj). (3.6) 

Then, eq. (|3.4p takes the following form: 

n abc = fiabc + g ^M<r xd \d d X l )V a X l . (3.7) 

The appropriate gauge transformation law for A ab which achieves the correct transformation 
property required by eq. (|3.4p is given as PQ: 

5 A A ab = d a A b - d b A a + g(K c d c A ab + A ac d b n c - A b6 d a K c ) 

= d a A b - d b A a + g(K c d c A ab - (d b A ac )n c + (d a A bd )K c ) 

+d b (gA ad K c ) - d a (gA bd K c ) 
= d a A b -d b A a + gF abd K d + d b (gA ac K d )-d a (gA b6 K d ). (3.8) 

The last two terms in eq. (!3.8p can be absorbed in the redefinition of the gauge transformation 
parameter A a . The form in the last line in eq. (|3.8p is convenient for finding the Seiberg-Witten 

5 In Ref. [T] the authors imposed linear self-dual relations to define H a bc- If one follows this reasoning here, one 
needs to define H a bc using scalar fields, which seems little bit odd. It would be more natural to define the field 
strength as in eq. (|3.6|) . and interpret eq. (|3.4[) as modified self-dual relations. Note that in the ordinary description 
of M5-brane, the self-dual relations are also extended to the non-linear one (the three-form field strength in the 
ordinary description can be related to a self-dual three- form, which might be closer to their identification). In 
the case of Habc discussed later, imposing the linear self-duality does not uniquely fix the definition, because the 
self-dual relation includes a quadratic term in H^, see ea. (|3.f 7| ). Anyway, it is not necessary to define the field 
strength H a bt or H a b c at this moment, and one can regard eq. (|3.6[) as a shorthand notation for the combination 
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map for A ab which will be discussed in the next section. From the gauge transformation law 
(|3.8p as well as (|2.12p - (|2.14p . one can check that inside the parenthesis of the right hand side 
of eq. (|3.4|) transforms as a vector in the dotted directions. Then, the multiplication of the 
matrix M _1 converts this vector into a gauge scalar (invariant under the gauge transformation 
generated by A a , and scalar under the volume-preserving diffeomorphisms (|2.16p ). which is the 
same transformation property with the left hand side of eq. (|3.4p . i.e. 7i abc . 
Next I look at ea. SZTM . Multiplying Ma d e dbd to ea. (l2T2£D . one obtains 

M a^ dh PaH ahi + 2M/P^345 = gM a d e dbt jf . (3.9) 

As noted before, I only considered the bosonic fields above. The second term in the left hand 
side of eg. (|3.9|) is equal to a total derivative: 

2M & d V d H 3 4B = -da ((det M) 2 - l) , (3.10) 

where in the right hand side the constant was introduced to ensure a smooth limit for g — > 0. 
Here the identity (|2.25p has been used, and notice that 

7*345 = - (det Af-1). (3.11) 
9 

The first term in eq. (!3,9p can be rewritten as 

M a d e dhc V a U^ 
= e abc Ma d V a (H bcd - geb c dM d ~ u (deX I )V d X I ) 

+2M a d V a (v a X d - \e abc (H bcd - ge^Mf^X^X 1 ] 
= e ahc V a (F bca + ge k ..B b k Bj - ge^daX^X 1 ) - 2g(V a daX d )D a X d 

+2V a (lvla d (v a X d - \e ah \U hcd - getcdM^ideX^X 1 )] \ . (3.12) 

The last term in eq. (|3.12p can be set to zero by the self-dual relation (|3,4p . Compared with the 
result in Ref. [lj, there is an extra term 

-e^Vaige^idaX^X 1 ) 
= ^gVaddaX^X 1 ) 

-gda(D a X I D a X I )-2g\daB a ')(d d X I )D a X I -2g(daX I )D a D a X I . (3.13) 

The second term in the last line in eq. (|3.13j ) cancels a term from the second term in the last but 
one line in eq. fj3.12| ) . the difference from Ref.pQ being the modification in the self-dual relation 
eq. (j3.4|) . The last term of the last line in eq. (|3.13p can be rewritten using the equation of motion 
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for X ([2.26p . with the fermions being set to zero: 
-Igd^D^X 1 



2g(d a X 1 



-{X d , X d , {X 6 , X d , X 1 }} + g 4 {X 6 , X J , {X 6 , X J , X 1 }} 



+ y Y {X J ,X K ,{X J ,X K ,X 1 }} 



(3.14) 



Now I turn to the right hand side of eq. (|3.9p . It can be rewritten as 



9Ma d e dbd J h j 



gdaX d e 



dbc 



tfdX 1 , D b X J ,X d } -(jo c)) - ^{X 1 , X J , {X J ,X J , X,}} 



= -2g 5 daX d {X 6 , X 1 , {X 6 , X J ,X d }} - g 5 daX d {X T ,X J , {X ! ,X J , X d }}. 
Eq. (|3.14|) and eq. (|3.15p are combined to give 

-Igd^D^X 1 - gM d e Ah .J h i 
= ~9 5 da 



(3.15) 



X d , X^iX^X^, X 1 } + ^{X d , X 1 , X J }{X\ xt,x J } 



1 



+-{X I ,X J ,X K }{X I ,X J ,X K } (3.16) 
b 

+2g 5 {X d , X 1 , (d d X d ){X d , X 1 , X d }} + g 5 {X d , X d , {d h X T ){X\ X d , X 1 }} 
+2g 5 {X d , X J , (daX 1 )^, X^X 1 }} + gHX^X- 1 , (^X^){X 7 , X J , X d }}, 

where the derivation property of the Nambu-bracket (see eq. (|A.6P in the appendix) has been 
used. The last two lines in eq. (!3.17p can also be rewritten as total derivatives similar to the 
upper lines using eq. (|A.7p in the appendix. Thus, I obtain the following non-linearly extended 
self-dual relation: 

o i g 



-gV a X I V a X I + gV^V^X 1 

+^-{X & , X I ,X J }{X d ,X I ,X J } - —{X 1 , X J , X K }{X I ,X J , X K \. (3.17) 
2 6 

Again, if one takes the g = limit, eq. (|3.17|) reduces to the linear self-dual relation (|2.37|) . Thus 

eq. ()3.4p and eq. (j3. 17j ) are regarded as the non-linear extension of the linear self-dual relations. 

One may define another component of the field strength with the similar reasonings for the 

definition (|3.6p (see the footnote [3]) : 



n abc = F abc + 9 e ahc e d ^B d h F pfh + 2g 2 e abc detB. 



(3.18) 



One can check that % a bc m eq . (j3. 18j) transforms as a scalar under the gauge transformations 
flgHD and (I3~B . 
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Calculations including the contributions from fermions are similar. The complete results 
including fermions are included in the appendix I A. 21 



4 Seiberg-Witten map of BPS conditions for the string solitons 

In this section, I examine the Seiberg-Witten map of the BPS conditions for the string solitons 
on M5-brane which was studied in Ref. [30] . The non- linearly extended self-dual relations (|3.4p 
and (|3.17p . which include all the bosonic fields in the M5-brane action, are essential since the 
string solitons involve non-trivial configuration of a scalar field. 

Only in this section, the fields in the Nambu-bracket description are denoted with " on them, 
in order to distinguish them from the corresponding fields in the ordinary description which are 
denoted without A . 

Seiberg-Witten map is a solution to the condition: "Gauge transformations in the Nambu 
description is compatible with gauge transformations in the ordinary description" : 

<5 A $($) = $($ + 5 A $) - $($), (4.1) 

where <£> (<&) collectively represents fields in the Nambu-bracket (ordinary) description of M5- 
brane. The Seiberg-Witten map for the fields ip (ip = X , A a , B a a and the gauge transfor- 
mation parameter k a were obtained in Ref. [6]: 

(p = p + gA h daP + 0{g 2 ), (0 = X I ,$), (4.2) 
A h = A & + ^A b d b A h + ^-A%A b + 0(g 2 ), (4.3) 

4* = B a h + gA h d b B a h - 9 -A b d a d b A h + g -A h d a d b A b 

+g(d b A b )B a « - g(d b A«)B a b - 9 -{d b A b )d a A« 

+^(d b A d )d a A b + 0(g 2 ), (4.4) 
k a = «4 + |A^«4 + |(^V-f(^V + 0(^). (4.5) 

On the other hand, from the gauge transformation law (|3.8|) one obtains the Seiberg-Witten 
map for A ab : 

Kb = A ab + gA d F abd + 0(g 2 ). (4.6) 

Here, I have absorbed the last two terms into the redefinition of A a . Notice that the gauge 
transformations generated by A a do not transform A^ b nor B a a . 

I'd like to examine the BPS conditions for the string solitons which were studied in Ref. |30| 
(see also Ref.[45j)@ 

P A X 6 + v\e^n Pls& = 0, (4.7) 

6 The BPS conditions are crucial to justify our analysis here, with the similar reason explained in Ref. |46] in 
the case of BPS monopoles on a D3-brane in a constant B-field background. We are planning to present the detail 
of the scaling arguments to justify the use of the Nambu-bracket M5-brane action, analogous to the zero-slope 
limit of the open string theory in a constant _B-field background discussed in Ref. [20], in our forthcoming paper. 
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and other fields set to zero, where rj = ±1 and (1, v = 2, • • ■ ,5. Prom the Seiberg-Witten map 
([4T2" ]) -(]43 ]) as well as the definitions ([2TT9]) and (pT20j) . one obtains 

= K &bd + g(A%H &bd + (d d A d )H &b6 ) + 0( g 2 ), (4.8) 

K bc = K abc + g{A%U aht + {d d A d )U abc ) + 0( g % (4.9) 

V h (p = daip + g(A d d d daip + (d d A d )daip) + 0(g 2 ), (4.10) 

V a = d a <p + g(A%d a <p + (d a A 6 -B a 6 )d 6 <p) + 0( g 2 ). (4.11) 

Using these formulas, from the fx = 2 case of eq. (|4.7p : 

V 2 X + 77^345 = 0, (4.12) 

where X = X 6 , one obtains 

^345 = ~v(d 2 X + rjgdfxXd^X) + 0(g 2 ), (4.13) 

where the BPS conditions at O(g ) have been used to rewrite the 0(g) term in eq. (|4.13p . On 
the other hand, from the £i = a case of eq. ([4.7p : 

1 

one obtains 



VaX-^-e. hi 1i 2bt , (4.14) 



F2ab = Ve db6 d*X + 0(g 2 ), (4.15) 

where again the BPS conditions at O(g ) have been used to obtain the 0(g) term. Eq. (14.13j) and 
eq. (|4.15p should be compared with the results in the ordinary description which were obtained 
in Ref.[32]: 

^012 + 0)12 = 77i(sin0 + cos#d 2 X), (4.16) 

Foid = mcosed^x, (4.i7) 

F., + C, = r, 2 ,J d2 X + S[ ^\ + ^ X f X ^), (4.18) 
abc abc > 2 abcyi -r cos - s i n ed 2 X J' K J 

Flab = ~V2e, bc d c X, (4.19) 

where C012 and C. ; . are the components of the background C-field in the ordinary description. 
Eq. (|4.13p and eq. (|4.15|) match with eq. (|4.18p and eq. (|4.19p respectively in the case 771772 = — 1, 
with the identifications^ 

X = v0 = g + O(g 2 ), 77 = 771. (4.20) 

To examine whether one can obtain eq. (|4.16p and eq. ()4.17p from the Nambu-bracket de- 
scription via the Seiberg-Witten map, one needs to use the non-linear ly extended self-dual 



7 This corrects sign errors in Ref. 30 . Notice that the background C-field is specified by \ — ffii so this 
identification is independent of the choice of the BPS conditions (the choice of r\ in eq. (|4.7[> ). as it should be. 
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relations eq. (|3.4p and eq. (|3.17p obtained in the previous section. Substituting eq. (|4.8|) — (|4.11|) 
into eq. (|3.17p . one obtains 

F012 + ^345 = -gd^Xd^X + 0(g 2 ), (4.21) 

where the BPS conditions and the self-dual relations at O(g ) has been used to rewrite the G(g) 
term of eq. (|4.2ip . Again, eq. (|4.2ip matches with eq. (|4.16p and eq. (|4.18p with the identifications 
(QUI) , up to O(g). 

To complete the check at O(g), one should check whether eq. ()4.17p can be obtained from 
the Nambu-bracket description. In order to do this calculation, one needs the expression for the 
Seiberg-Witten map of Habc, which in turn requires the expression for the Seiberg-Witten map 
of A ^ itself rather than the anti-symmetrized combination of its derivatives B a b = e bcd dcA a( ^. 
However, the Seiberg-Witten map of A^ seems to require a non-local expression [6]. I leave this 
check to the future work. 

5 Discussions 

In this paper, the derivation of the non-linearly extended self-dual relations initiated in Ref.p] 
was completed by including contributions from all the fields in the Nambu-bracket description of 
the M5-brane action in a constant C-field background. It is rather impressive that the procedure 
of Ref.JT] also works with the inclusion of all the fields in the action, though it should work in 
order for the action to describe M5-brane. This result suggests the existence of a formalism 
with auxiliary fields and extra local symmetries where the self-dual relations are more manifest, 
which reduces to the currently discussed action upon gauge fixing. The self-dual relations are 
characteristic feature of M5-brane, and this result is of essential importance when comparing 
the Nambu-bracket description of M5-brane to the ordinary description via the Seiberg-Witten 
map. 

To compare the M5-brane action in the ordinary description with the one in the Nambu- 
bracket description, it will be useful to extend the new auxiliary field formalism also introduced 
in Ref.jlj to the non-linear DBI-type action in the ordinary description, so that it can be gauge 
fixed to the form which is more convenient to compare with the M5-brane action in the Nambu- 
bracket description. For this purpose, it will be useful to understand the introduction the of 
auxiliary fields in a systematic way. An interesting work in this direction is made in Ref . |47j . 

In these few years, several new formulations for M-theory branes have been proposed, and it is 
important to examine to what extent they can describe expected properties of M-theory branes. 
Consistency with the reduction to type IIA string is a necessary condition [61 HU 091 [501 EI] > 
but it tends to hide the information of M-theory which we are seeking for. The comparison of 
the Nambu-bracket description of M5-brane to the ordinary description via the Seiberg-Witten 
map is a direct check of the former as M-theory brane. The relation to the ordinary description, 
which can be described in space-time covariant ways, will be important for the Lie 3-algebra 
to play fundamental role in the description of M-theory. The importance of relating the BLG 
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model to the covariant formulations was stressed in Ref . |52j . see also Ref.[53j. Another trial to 
relate the BLG model to the light-cone Hamiltonian of M5-brane was made in Ref. [53] without 
the C-field background, but only the Carrollian limit of the BLG model was obtained. Another 
approach to M-theory branes is the ABJM model of multiple membranes [55]. In Refs.[56"l 
[57] , M5-brane solutions in the ABJM model were constructed. To describe M-theoretical or 
eleven-dimensional aspects by these M5-brane solutions one tends to encounter non-perturbative 
problems^! Such problems are certainly interesting, but also hard. The approach from the 
Nambu-bracket description of M5-brane has an advantage that one can see the relation to the 
ordinary formulation at the classical level through the Seiberg-Witten map. On the other hand, 
the Seiberg-Witten map has been solved up to the first order in the expansion by the parameter g 
which characterizes the strength of the interaction through the Nambu-bracket. This is certainly 
not satisfactory, and one would like to obtain all order expression. Though interacting nature 
of the M2-brane worldvolume theory makes the analysis complicated compared with the open 
string worldsheet theory on a D-brane in a constant -B-field background, results in that case (see 
e.g. Refs. [iOl HTJ [HI 031 H31 EH [591 EO]) will give clues for how to obtain all order expression 
of the Seiberg-Witten map in the case of M5-brane in a constant C-field background. Another 
issue which calls for better understanding is that in the case of a D-brane in a constant -B-field 
background, the product of fields is given by Moyal product, whereas the Nambu-bracket is an 
analogue of the Poisson-bracket, and the product is not defined. To obtain the Moyal product 
description of D4-brane from M5-brane via a compactification on a circle, the Nambu-bracket 
should be deformed appropriately. This issue is discussed in Ref. [61 J. 
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A Appendix 

A.l Convention for the totally anti-symmetric tensor e abc 
Convention (metric rj ab = diag( — h +)): 

6° 12 = "6012 = I- (A.l) 

It follows that 

\e ahc e dbc = -5 d a , e abc e dec = -5 d a 5i + 5 e a 5 d b . (A.2) 

The determinant of a matrix B b can be written as 

1 

6 



det B a b = -e abc e. b .B a «B b b B c 6 . (A.3) 



A.2 Complete form of the self-dual relations 

H ak = l -e bt "e abc M7 ld (f^ + ge^B^Bj - ge bcd [(d.X'^X 1 + i(^)rV)) ,(A.4) 

= y abc F abc -ge abc B a b F bcb -4g 2 detB a b - |^.^ + i ((det M) 2 - l) 
-gV a X I V a X I + gVaX I V h X I 

+^{X d ,X I ,X J }{X d ,X I ,X J } - ^{X I ,X J ,X K }{X I ,X J ,X K } 
2 6 

. 3 

-ig^T h V^ - ig^TaiiX^X 1 , + !|_ ^1^345 {X J , X J , (A.5) 

A.3 Some formulas for the Nambu-bracket 

Derivation property: 

{A, B, CD} = {A, B, C}D + C{A, B, D}. (A.6) 

A frequently used formula: 

{AdaB, C, D} + {Ad h C, D, B} + {Ad & D, B, C} = d & (A{B, C, D}) . (A.7) 

Here, it is assumed that A, B, C, D are bosonic quantities. When some of them are fermionic, 
one should assign sign factors appropriately. Eq. (|A.7p can be obtained from the identity for the 
totally anti-symmetric tensor e abc : 

5 b ^ dd + 8lJ & + 5 d ei' bt = 6u'"'' . (A.8) 
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